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Abstract 

We consider multidimensional differential systems (total differential systems and partial 
differential systems) with M-differentiable coefficients. We investigate the problem of the exis- 
tence of M-holomorphic solutions, M-differentiable integrals, and last multipliers. The theorem 
of existence and uniqueness of M-holomorphic solution is proved. The necessary conditions 
and criteria for the existence of M-differentiable first integrals, partial integrals, and last 
multipliers are given. For a completely solvable total differential equation with M-holomor- 
phic right hand side are constructed the classification of M-singular points of solutions and 
proved sufficient conditions that equation have no movable nonalgebraical M-singular points. 
The spectral method for building M-differentiable first integrals for linear homogeneous first- 
order partial differential systems with M-linear coefficients is developed. 
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1. System of total differential equations 



1.1. Introduction 



Let us consider a system of total differential equations 



dw = Xi{z, w) dz + X2{z, w)dz , 



(1.1) 



where w = {wi, . . . ,Wn) € C", z = {zi, . . . G C"*; the entries of the n x m matrices 
Xi{z,w) = \\X^j{z,w)\\ and X2{z,w) = \\X^^jfi_^j{z,w)\\ are R-differentiable [1, pp. 33 - 35; 
2, p. 22] in a domain G C C"*"*"" scalar functions X^i : G — > C, ^ = 1, . . . , n, 1=1,..., 2m; 
dw = colon(dtt;i, . . . ,dwn), dz = colon((i^;i, . . . , (iz,„), and dz = colon(cZzi, . . . are 
vector columns; the Tj are the complex conjugates of Zj, j = 1, . . . ,m. 

The notion of an M-differentiable function is consistent with the approach of I.N.Vekua [3] 
and G. N. Polozii [4] in the case of one complex variable and E. I. Grudo [5] in the case of 
two complex variables. Let «: F — > C be a one variable M-differentiable function on the 
domain V C C The function u is holomorphic if d-u{z) = for all z E V. The function 
u is called antiholomorphic if dzu{z) = for all z £ V [1, p. 42]. The function u is said 
to be {p,q)- analytical if {p{x,y) — iq{x,y))d-Rcu{z) + id-lmu{z) = for all {x,y) € V 
and pix,y) > for ah {x,y) £V [4]. If d-u{z) + A{z)u{z) + B{z)u{z) = C{z) for all 
z eV, then we say that u is a generalized analytic function [3]. In the case of several complex 
variables, the theorem of existence and uniqueness of M-holomorphic solution for first-order 
partial differential system was proved in [6]. The spectral method for building first integrals 
of completely solvable multidimensional M-linear differential systems was elaborated [7-9]. 

In this paper we study the problem of the existence of M-holomorphic solutions, M-dif- 
ferentiable first integrals, partial integrals, and last multipliers for total differential systems 
(Section 1) and partial differential systems (Section 2). The article is organized as follows. 

In Subsection 1.2 we define the basic notions of M-holomorphic functions and M-singular 
points. There we also investigate some relations between them. 

In Subsection 1.3 we consider the completely solvable total differential system (1.1) with 
M-holomorphic right hand side. The theorem of existence and uniqueness of M-holomorphic 
solution (analogous to the Cauchy theorem) is proved. 

In Subsection 1.4 we investigate the problem of the existence of M-differentiable integrals 
and last multipliers for the system of total differential equations (1.1). The necessary condi- 
tions and criteria for the existence of M-difFerentiable first integrals, M-differentiable partial 
integrals, and M-differentiable last multipliers are given. 

In Subsection 1.5, for a completely solvable total differential equation with M-holomor- 
phic right hand side are constructed the classification of M-singular points of sohitions and 
proved sufficient conditions that equation have no movable nonalgebraical M-singular points 
(analogous to the Painleve theorem and Fuchsian's theorem). 

In Subsection 2.1 the necessary conditions and criteria for the existence of M-differentiable 
integrals and last multipliers of linear homogeneous partial differential systems are given. 

In Subsection 2.2 the spectral method for building M-difFerentiable first integrals for linear 
homogeneous first-order partial differential systems with M-linear coefficients is developed. 
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M. -holomorphic solutions andM.-differentiable integrals 



1.2. M-holomorphic functions 

Definition 1.1. A function g: T> ^ C, T) C C™, is said to be W-holomorphic at a point 
zq = {z^, . . . , z^) £ D if there exists a neighborhood U {zq) cD of the point zq such that in this 
neighborhood the function g can be represented by the absolutely convergent function series 

+00 m 

g{z)= %....W.n(^^ -4)'^ (^^ -^°)'^ for all . G C/(zo), (1.2) 

fcl+/l+... + fcm+'m=0 j = l 

where c, , , , G C and the exponents k -. and h are nonnegative integers. 

Kill . . .Kmljn ^ 

The term M-/io/omorp/i«c is introduced by analogy with the term M.-differentiable. Indeed, 
it follows from the absolute convergence of the series (1.2) that the real and imaginary parts 
in the representation g = u+iv of an R-holomorphic function are real holomorphic functions 
in a neighborhood of the point {xo,yo), where xo = Re2;o and yo = lmzo. 

Definition 1.2. A function g: T> ^ C, D C C"*, is said to be conjugate to the M-Zio/o- 

morphic function (1.2) at a point zq E T) if in some neighborhood U{zq) G D of the point 
Zq the function Ij can be represented by the function series 



-oc 



-g{z)= \.k...k^i^m^^-~'3f'{'^-'"f forall .GC/(.o). (1-3) 

We can readily see that this is well defined, since the sets of absolute convergence of the 
function series (1.2) and (1.3) coincide; moreover, g is M-holomorphic at the point Zq. 

Since an M-holomorphic function of m independent variables Zj, j = 1, . . . ,m, can be 
obtained from a holomorphic fuction of 2m independent variables Uj and Vj, j = 1, . . . ,rn, 
via the correspondence 

Uj I— > Zj, Vj I— > Zj, j = 1, . . . ,m, (1.4) 

we have the following assertions. 

Proposition 1.1. Let functions 51 : © — C and g2'- D ^ C, D G C"*, be W-holomorp- 
hic at a point zq € T). Then the relations 



giiz) + g2{z) = gi{z) + g2iz), gx{z) ■ g2{z) = g^{z) ■ g2{z), 

(1.5) 



gi (z) = Li_ 51 (z) , L>_ gi (z) = D^.g^{z), j = l,...,m, 

are valid in some heighborhood U{zo) C T> of the point zq. 

Proposition 1.2 [10, p. 33]. If a functton that is ^.-holomorphic in a domam D C 
identically vanishes in some neighborhood U C D, then this function identically vanishes in 
the entire domain D. 

Corollary 1.1. If two functions M.-holomorphic in a domain D C C"* coincide in some 
neighborhood U G T), then they coincide in the entire domain D. 

This corollary allows one to use the method of M-holomorphic continuation for an M-ho- 
lomorphic function and hence consider multivahied M-holomorphic functions. 

Definition 1.3. An "^-holomorphic function g: V ^ C, V C C™, is said to be ^.-regular 
at a point zq eT> if 

D^^g{zo) ... D^^g{zo) D^^g{zo) ... D^^g{zQ) 

D^J{zq) ... D^^g{zo) D-^g{zo) ... D-^g{zo) 

otherwise, it is said to be ^.-singular. 

The possibility of M-holomorphic continuation allows one to consider M-singular points, 
that is, points in a neighborhood of which an M-holomorphic function does not admit an 
M-holomorphic continuation. 



rank 



= 2; 
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9. -holomorphic solutions andV^-differentiable integrals 



Let an M-liolomorphic function g:T)^ C take the value g{a) = g"' at a point a G I) C C™ 
and satisfy the equation ^{g,z)=0, where $ is an M-holomorphic function of its arguments 
in the neighborhood of the point {g°',a) gVc C™"*"^; moreover, ^{g,a) ^ 0. The point a 
is referred to as an algebraic critical M-singular point of the function g if 

|93$(5^a)|' - |a_c|.(5^a)|'= 

and the function g is not M-holomorphic at the point a. 

Suppose that an M-holomorphic function g: T) ^ C has the form g{z) = l/f{z) and 
/(a) = 0; in this case, the following definitions will be used: 1) if the function / is M-holo- 
morphic at the point a, then this point is referred to as an W-pole of the function g; 2) if a 
is an algebraic critical M-singular point of the function /, then this point is referred to as a 
critical R-pole of the function g. Algebraic critical M-singular points, M-poles, and critical 
M-poles are referred to as algebraic M-singular points. 

Let a point a be a nonalgebraic M-singular point of an M-holomorphic function g : D — C. 
In each plane zj we take the circle \zj — aj\ = rj, j = 1, . . . , m, where a = (ai, . . . , a„i). 
By we denote the set of values that are taken by the function g or to which it tends for 
its various M-holomorphic continuations into the polydisk \zj — aj\ < rj, j = 1, . . . ,m. If 
rj —^0, j = 1, . . . ,m, then the set tends to some limit set A^g. If A^^ is a singleton, 
then the point a is referred to as a transcendental M-singular point of the function g. If the 
set AaQ contains more than one point, then the point a is referred to as a A -essentially 
M-singular point of the function g. 

For example, the function g: zi ^ z\+ziz\ for all zi G C is M-holomorphic on the entire 
complex plane C but is not holomorphic, since on C there is no point in whose neighborhood 
the Cauchy-Riemann conditions are satisfied. The point zi = is 

a) an algebraic M-singular point for the function g{zi) = y/fizi; 

b) an M-pole for the function g{zi) = {1 -\- zi + zi)/zi; 

c) a transcendental M-singular point for the function g{zi) = ln(zi -|- zf); 

d) a A-essentially M-singular point for the function g{zi) = cxp(l/zi) {Aqq = C by 
analogy with the Sokhotskii theorem for an antiholomorphic function) and for g{zi) = zi/zi 
(along any path Lq: kexp(iLOo), ^ k<+oo, the function tends to exp(2zu;o), for loqE [0;27r) 
these limit values form the circle \zi \ = 1; therefore, Aq^ is not a singleton). 

1.3. The Cauchy existence and uniqueness theorem for an M-holomorphic solution 

We assume that X^i : G — > C, ^ = 1, . . . , n, 1 = 1,..., 2m, are M-holomorphic functions 
in the domain G. Moreover, we consider system of total differential equations (1.1) for the 
case in which it is completely solvable, i.e., the Probenius conditions 

n 

d^^Xrj{z,w) + ^{Xi:c^{z,w)d^^Xrj{z,w) + X^^ra+C.{z,w)d- Xrj{z,w)) = 

n 

= d^.X^dz,w) + ^{X^j{z,w)d^^X^dz,w) +X^^rn+j{z,w)d-Xr(^{z,w)), 

n 

d- Xr,m+3{Z,W) + ^^{X^^rn+d^^w) d^^Xr^rn+ji^^w) + X^d^,w)d- Xr,m+j{z,w)) = 

(1.6) 

n 

n 

dz^XT,m+j{z,w) ^{X^d^,w) d^^Xr,m+j{z,w) + X ^^rn+dz, w) d- Xr,m+j{z,w)) = 

4 
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M. -holomorphic solutions andM.-differentiable integrals 



n 

= d X^^{z,w) + Y^{X^^^^j{z,w)d^ X^^{z,w) + X^j{z,w)d Xr^{z,w)) 

for all {z,w)eG, T = l,...,n, j = l,...,m, (^ = l,...,m, 
are satisfied [11 - 13]. 

Theorem 1.1. // the functions X^i : G ^ C, ^ = 1, . . . . n, / = !,..., 2m, are R-holo- 
morphic at a point (zo,Wo) G G, then a completely solvable in the domain G system of total 
differential equations (1.1) has a unique solution w = w{z) 'R-holomorphic at the point zq 
and satisfying the initial condition w(zo) = Wq. 

Proof. Taking into account properties (1.5), we construct the system conjugate to (1.1): 

dw = X2{z,w) dz + Xi{z,w) dz , (1.7) 

for which the complete solvability conditions (1.6) conjugate to (1.6) are satisfied in the G. 

The functions X^i : G — > C, which are R-holomorphic in the domain G, can be treated 
as functions h^i: CI C holomorphic in the domain O C C ^C^n+w) a^d such that 

h^l{z,z,w,w) = X^l{z,w), C = l, ...,n, 1 = 1,..., 2m. 

Using a correspondence similar to (1.4), on the basis of differential system (1.1)U(1.7) 
under conditions (1.6)U(1.6) we construct the system 

2m m 

dx^ = '^h^l{t,x)dti, dxn+^ = ^{h^^rn+j{t,x) dtj + h^j{t,x) dtm+j), i = l,---,n, (1.8) 

1=1 j=i 
with the independent variables {ti,. . . , t2m) = t and the dependent variables (xi, . . . , X2n)=x. 
This is a completely solvable system, and therefore (e.g., see [14, p. 26]), it has a unique 
solution X = x{t) holomorphic at the point to = (*?) • • • )*2m) ^^^"^ satisfying the initial con- 
dition x{t{)) = xq, where the point {tQ,xo)^VL, {zq.'zq) ^ tQ, {'Wq,wq)^xq. 

Since w = '^i{z) and It; = ^2{z) are solutions of system (1.1)U(1.7) M-holomorphic at 
the point zq, it follows that the functions w =Tp2{z) and w =Tpi{z), R-holomorphic at the 
point Zq, are also solutions. Therefore, system (l.l)U(l. 7) under conditions (1.6)U(1.6) has 
the unique solution w = w{z), w = w{z) R-holomorphic at the point zq and satisfying the 
initial conditions w{zq) = wq and w{zq) = wq. One can obtain it from the solution x = x(t) 
of system (1.8) holomorphic at the point to and satisfying the initial condition x(to) = xq 
with the help of the correspondence used when deriving system (1.8). 

Since system (1.1) U (1.7) splits into systems (1.1) and (1.7), it follows that the original 
system (1.1) equipped with condition (1.6) has a unique R-holomorphic solution at the point 
zo with the initial data {zo,wo) G G. ■ 

Theorem 1.1 is a counterpart of the well-known Cauchy theorem on a holomorphic solution 
for the case of R-holomorphic solutions; therefore, it is naturally referred to as the Cauchy 
existence and uniqueness theorem for an R-holomorphic solution. 

By [15], the completely solvable system (1.8) has no holomorphic solutions (except for 
the holomorphic solution of the Cauchy problem with the initial condition x{to) = Xq and 
{to,xo) G $7) that are not holomorphic at the point to and tend to xq as ti — > t^* along some 
paths 7i, 1 = 1,... ,2m. Just as in the proof of Theorem 1.1, hence we obtain the following 
property of M-holomorphic solution of the system (1.1). 

Theorem 1.2 [15]. System (1.1) completely solvable in the domain G does not have an 
M. -holomorphic solution that is not M.-holomorphic at zq and tends to wq as z ^ zq along 
some path 7, where {zo,wq) G G. 

1.4. R-differentiable integrals and last multipliers 

For the unambiguous understanding of our notions we follow [16, p. 29; 17, p. 81; 18; 19, 
pp. 161 - 178] and introduce the definitions. 

5 



V.N.Gorbuzov, A.F.Pranevich 



9. -holomorphic solutions andK-differentiable integrals 



An M-differentiable on a domain G' function: i) F:G'^ C; ii) /: G'^ C; iii) /Li: G'^ C 
is called i) a first integral; ii) a partial integral; iii) a last multiplier of the system of total 
differential equations (1.1) if and only if 

i) XiF{z, w)=0 for all {z, w) e G' , I = 1, . . . ,2m, G' C G; 

ii) Xif{z,w) = ^i{f;z,w) for all {z,w)eG', where ^i(0;z,w) = 0, 1 = 1,..., 2m; 

iii) Xifi{z,w) = — fi{z,w) dW Xi{z,w) for all {z,w)E:G', 1 = 1,..., 2m, 
where the linear differential operators 

n 

Xj {z, w) = d^. + ^ {X^j {z, w)dyj^ + {z, w)d-^ ) for all {z,w) e G, j = l,...,m, 

TL 

Xm+3{z,w) =a_ +^{X^^m^j{z,w)dyj^ + X^j{z,w)d-^) for all {z,w) e G, j = l,...,m. 

5=1 

The R-difFerentiable first integral F (partial integral / and last multiplier /i) of the 
system of total differential equations (1.1) is called {si, S2)-nonautonomous [20; 21] if 

(i) F (/ and fx) is holomorphic of m ~ S2 independent variables; 

(ii) F (/ and /x) is antiholomorphic of m — Si independent variables. 

The R-differentiable first integral F (partial integral / and last multiplier fi) of the 
total differential system (1.1) is called (n — ki,n — -cylindricality [10; 20; 21] if 

(i) F (/ and fx) is holomorphic of n — k2 dependent variables; 

(ii) F (/ and fj,) is antiholomorphic of n — ki dependent variables. 

1.4.1. M-difTerentiable partial integrals. Suppose the total differential system (1.1) 
has an R-differentiable (si, S2)-nonautonomous (n — fci, n — A;2)-cylindricality partial integral 

f:{z,w)^f{'z,'hjj) for all {z,w) e G', (1.9) 

where s = {si, S2), k = (n — ki, n — k2). We can assume without loss of generality that / is an 
antiholomorphic function of -Zs^+i, • • • , z^, w^^j^i, . . . , Wn and / is a holomorphic function of 
^,,---,Zi ,---,w {j3e{l,...,m},(3 = S2+l,...,m,Cse{l,...,n},5 = k2+l,...,n). 

Then, in accordance with the definition of a partial integral, 

Xiskfi%'^) = Mf;z,w) forall (z,u;)gG', 1 = 1,..., 2m, (1.10) 

where $;(0; z,w) =0 for all {z, w) G G', 1 = 1,..., 2m; the linear differential operators 

ki k2 

Xesk{z, w) =dzg+'^ X^e{z, w)dy,^ + ^ Xi^^^j^+eiz, for all {z, w) G G, 

T=l 

ki k2 

Xrjskiz, w) = X X^j^{z, w)dyj^ + ^ Xi^^^jn+rj{z, w)d-^^ for all {z, w) e G, 

5=1 r=l 

fel k2 

Xm+jg,ski^^ ^) = % + ^i'^+jg + m ^Cris (z, w)d-^^ for all {z, w) G G, 

" 5=1 T=l 

ki k2 

Xm+j^,sk{^^ ^) = X] + X] ^ Cr jAz, for all {z, w) G G, 

5 = 1 T=l 

6' = 1, ...,si, ?7 = Si + 1, . . . ,m, 5' = 1,...,S2, ly = S2 + 1, . . . ,m, 

6 
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with jg G {1, . . . , m}, G {1, . . . , m}, Cr G {1, • • • , n} (if Jg = {jg-. g = 1, . . . , S2} and 
Jf = {jf '■ = S2 + I, ■ ■ ■ , m}, then Jg H = and Card Jg U = m). 
System (1-10) imphes that the functions from the sets 

{l,Xig{z,w),. . . ,Xkj^g{z,w),Xt^^^m+eiz,w),. . . ,X^^^^m+e{z,w)}, e = l,...,si, 

{Xir,{z, W),..., Xk^j,{z, W), X^^^jn+r,{z, w), . . . , X ,m+7?(^, w)} , T) = Si + 1, . . . ,m, 

(1.11) 

{1, Xi^rn+jg {Z,W),..., Xk^^m+jg {z, U^), ^Cl^s {z,w),..., X(^^^^j^{z, w)} , g=l,...,S2, 
{Xi^m+jAz, W),..., Xk^^m+jAz, W^), ^Cl>(^' • • • ' ^ik^'^"^^' ^ = + 1, • • • , "T-, 

are hnearly bound^ [22, p. 90; 23, pp. 113 - 114] on the integral manifold 

f{'z,'hv) = 0. (1.12) 

Therefore the Wronskians of the functions from the sets (1.11) with respect to Za, 'zj^, 
and with respect to w^y, W(^g (a = si + 1, . . . , m, /? = S2 + 1, ■ ■ ■ , ti, 7 = fci + 1, . . . , n, 
S = k2 + 1, ■ ■ ■ ,n) vanish identically on the manifold (1-12), i.e., the system of identities 

W^{l/X\z,w)) =^exif-^z,w) fov sll {z,w) e G, 9 = 1,. ..,su 
W^{^X'i{z,w)) ='^r,xif-,z,w) for all (z, u;) G G, rj = si + 1, . . . ,m, (1.13) 
W^{l,^X"'+^''{z,w)) = ^m+j„x{f-^z,w) for all {z,w) G G, g = l,...,S2, 
(Ax'«+> (z, w)) = *m+j.,x(/; z, w) for all (z, «;) G G, u = S2 + I, . . . ,m, 

is consistent. Here are the Wronskians with respect to % (the variable x ranges over 
Za, a = si + l, ... ,m, Zjg, (3 = S2 + I, . . . ,m, Wj, ^ = ki + 1, . . . ,n, wq, S = k2 + 1, ■ ■ ■ ,n); 
the number X = ki + k2; the vector functions 

^X^: {z,w) {Xij{z,w), . . . ,Xk,j{z,w),Xi;^^^+j{z,w), . . . ,X^^^^^^.{z,w)) , 

XXm+j . _^ {Xi^rn+j{z, w),..., Xk^^m+j{z, w),X^^j{z, w),..., X .{z, w)) 

for all {z, w) E G, j = 1, . . . ,m; 

: G — ^ C are R-differentiable functions of z and w on the domain G and '^1^(0; z, w) = 0, 
1 = 1,..., 2m. Thus, the following theorem is valid. 

Theorem 1.3. For the system of total differential equations (1.1) to have a partial integral 

of the form (1.9) it is necessary that (1.13) be consistent. 

Corollary 1.2. For the total differential system (1.1) to have a {si,0)-nonautonomous 
{n — ki,n)-cylindricality holomorphic partial integral of the form (1.9) it is necessary that the 
system of identities (1.13) with S2 = 0, k2 = be consistent. 

Corollary 1.3. For the total differential system (1.1) to have a {0, S2)-nonautonomous 
(n, n — ^2) -cylindricality antiholomorphic partial integral of the form (1.9) it is necessary that 
the system of identities (1.13) with si = 0, ki = be consistent. 

Corollary 1.4. For the system (1.1) to have an autonomous {n — ki,n — k2)- cylindricality 
M.-differentiable partial integral f:w^ fi'^) for all w G O', C C", it is necessary that 
the system of identities (1.13) with si = 0, S2 = be consistent. 



^Note that functions (operators) are called linearly bound on the domain G if these functions (operators) 
are linearly dependent in any point of the domain G. 
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Let the system (1.1) satisfy conditions (1.13). Let us write out the system of equations 
^es, +\^[^XO{z, w)] ^ = Heif; z, w), \p[dP^ ^X'{z, w)f = dPHeif; z,w), p=l,...,X, 

^p[^X^{z, w)] ^ = H^{f- z, w), \[dl "^X^z, w)f = dP^H^{f;z,w), p = l,...,X- 1, 

2l;gs,+H^X^+'''{z,w)f = Hm+j,if;z,w), (1.14) 

^ [QP ^X^+j. {z, w)] ^ = dPHm+j, if;z,w), p=l,...,X, 

V [^X"^^'^ {z, w)] ^= H^+j^ {f;z,w), V {z, w)] ^= dP^Hm+j^ {f;z,w),p=l,...,X-l, 

9 = 1,. ..,si, 77 = si + 1, . . . ,m, g = l,...,S2, v = S2 + I, ■ ■ ■ m, 

where the vector functions 

'^V: iz,w) ^ {ipik^i^z,^^), . . . ,(pkiki{^z,^jj)), iz,w) ^ {(pik2i''z,^), ■ ■ ■ ,(Pk2k2i'z,'^)), 

\): {z,w) {''^(p{z,w),''^(p{z,w)) for all {z,w) G G; 

Hi'.G^C are M-differentiable functions of z and w on the domain G and Hi{0; z,w) = 0, 
1 = 1,..., 2m. Let us introduce the Pfafiian differential equation 

'hl^{^z, ^w)d'^z + '^{'z, '\v)d^ + ^^ifi'z, 'Sjo)dSjo + ''^(p{'z, ^w)d^ = 0, (1.15) 

where d^^z = colon (dzi, . . . , dzg^), d^'^z = colon (dz^.^ ,d'z. ), d^hn = colon (c/u;i, . . . , dwkj, 
and d'^'^ = colon(du;^^, . . . ,dw^^ ) are vector columns; the vector functions 

'''ip: {z,w) ^ {'ipisj{^z,''w), . . . ,ipsj^si{''z,''w)) for all {z,w) e G, 

{z,w)^ {iljis2i''z,'%u),...,tps2S2i^z^'^)) forall {z,w)eG. 

Theorem 1.4. A necessary and sufficient condition for the total differential system (1.1) 
to have at least one partial integral of the form (1.9) is that the functions ^hp, ^"hf), \), and 
Hi, 1 = 1,..., 2m, exist so that they satisfy system (1.14) and 

(i) the Pfaffian differential equation (1.15) has an integrating factor; 

(ii) the function (1.9) is a general integral of the Pfaffian differential equation (1.15). 

Proof. Necessity. Let the total differential system (1.1) have a R-differentiable partial 
integral of the form (1.9). Then the identity (1.10) holds. The vector functions 

'^tp-. {z,w) d,^ f{'z,Su), '^tp: {z,w) d—f{'z,hv) for all {z,w) G G' , 
'^V: {z,w) f{'z,^w), {z,w) d f{'z,^w) for all {z,w) e G', 

where 9.,^= {d,„ . . . , 9, J, 9_ = (a_ . .,d-J,d,^^= (d,,,. . ., 9,,^), 5_ = (5_ . J, 

is a solution to system (1.14) for Hi{f;z,w) = ^i{f;z,w), I = l,...,2m, which can be 
shown by differentiating (1.10) A times with respect to x (^ = 1, . . . , si, g = 1,...,S2) 
and A — 1 times with respect to % (ry = si + 1, . . . , m, v = S2 + 1, ■ ■ ■ ,m). Therefore the 

M-differentiable function (1.9) is a general integral of the Pfaffian differential equation (1.15). 

SufEciency. Let ^hp, ^"hp, \p he a. solution to the system (1.14), and let the corresponding 
Pfaffian differential equation (1.15) have an integrating factor /x: (^z, \y) — ^ /^(^z, \w) and the 
corresponding general integral (1.9). Then 
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(1.16) 

9, f{'z,''w) - fi{'z,''w)''^ip{'z,''w) =0, d f{'z,''w) - fi{'z,''w)''^ip{'z,''w) =0. 

It follows from (1.14) and (1.16) that identity (1-10) is valid with 

^i{f;z,w) = iJ,{^z,^ju)Hi{f;z,w) for all (z, lu) G G', 1 = 1,..., 2m. 
Consequently, the function (1.9) is a partial integral of the system (1.1). I 
Theorem 1.5. Let h systems (1.14) have q not linearly bound solutions 

: {z,w) '^^ilj^{^z,hu), (^z,w) ^'^^^{^z,\u), 

(1.17) 

^(f^ : {z, w) ^(p^{^z, hv) for all {z, w) eG', e = l,...,q, 
for which the corresponding Pfaffian differential equations 

'hl)^{'z, ^w) d'^z + '^^{'z, ''w)d^ + '"'if^'z, ''w) d^w + ^^^^{'z, ^w) = 0, e = 1, . . . , g (1.18) 

have the general M.-differentiable integrals 

fe-. {z,w) ^ fe{^z,^ju) for all {z, w) E G ' , e = l,...,q. 
Then these integrals are functionally independent. 
Proof. We have 

dsiz f^^^^i ^) ^ l^ei^Z, \jo) *l V^(*Z, \jo), d— fei^Z, hu) = He{^Z, \jo) ^'^lj;^{^Z, *w), 

d^. fe{''z,^w) = IJ.s{''z,''w)''^(p^{''z,'^w), d fsC'Zj'^w) = IXe{''z,^w)^^if'^{''z,^w) 

for all {z, w) G G' , £ = 1, . . . ,q, 
by virtue of (1.16). Therefore, the Jacobi matrix 

J{fe{'z,^wy,'z, ^W) = \Y^^{'Z, ^W) '^-^{'Z, ^W) '=1$("Z, ''w) ^^^{'z, ''w)\\, 

where *i*=||/X£'0£6'si|| is a (gxsi)-matrix, *2^=||/X£V£as2|| is a (gxs2)-matrix, '^i$=||/X£9?£^fej|| 
is a {q X A;i)-matrix, and ^^^^ = ||)U£¥'£Tfe2|| is a {q x A;2)-matrix. 

We have rank J = q since the solutions (1.17) are not linearly bound. 

Consequently, the general M-differentiable integrals of the Pfaffian equations (1.18) are 
functionally independent. The proof of the theorem is complete. I 

The Theorem 1.5 (taking into account the Theorem 1.4) let us to find a quantity of func- 
tionally independent (si, S2)-nonautonomous (n — /ci, n — A;2)-cylindricality M-differentiable 
partial integrals of the total differential system (1.1). 

For example, the system of total differential equations 

dwi = {w1 + W2W2) dz + {wiW2 + W2W2 + {2 + z)w2) dz , 

, _ _ _ ^1-1^) 

dw2 = {w2 wi — {1 + z)w2 ) dz + Wl{w2 + W2) d z 

has the vector functions (see (1.11)) 

Pi: {z,w) ^ (wiW2 + W2W2 + {2 + z)w2,'WiW2 — {1 + z)w2) for all {z,w)eC^, 

P2: {z,w) ^ [{wj + W2W2,wi{w2 + W2)) for all {z,w)eC^, 
and the Wronskians (see (1-13)) 

9 
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W,{Pi{z,w)) =0, W-{Pl{z,w)) = -wl{w2 + W2){Wi+W2), 

W^^{Pi{z,w)) = -{wi+W2)iwiW2-{l + z)wl), W-^{Piiz,w)) =0, 

W,{P2{Z,W)) = 0, W-{P2{Z,W)) = 0, W^^{P2iz,w)) = Wiiwi-W2){wi +W2), 

W-^ {P2{z, w)) = for all {z, w) G 

vanish identically on the manifold wi + W2 = (see (1.12)). 

Therefore a necessary condition for system of total differential equations (1-19) to have an 
M-differentiable autonomous (l,l)-cylindricality partial integral is complied (Theorem 1.3). 

The functions ifi: {z,w) — > 1 for all {z,w) G C^, ip2- {z,w) — ^ 1 for all {z,w) G is 
a solution to system (1.14) for 

Hi : {z,w) — >■ {wi +W2){wi +1^2) for all {z,w) G C^, 
H2: {z,w) — {wi + W2){w2 + W2) for all {z,w) G C^. 

The corresponding PfafHan differential equation 

dwi + dw2 = 

has the integrating factor jj,: w ^ 1 for all w G and the general integral (Theorem 1.4) 

f:{^vi,W2)^^vi+W2 for all (ti;i,tt;2) G C^. (1.20) 

Thus the system of total differential equations (1-19) has the M-differentiable autonomous 
(l,l)-cylindricality partial integral (1.20). 

1.4.2. M-differentiable first integrals. Suppose the system of total differential equa- 
tions (1.1) has a (si, S2)-nonautonomous and (n — fci, n — A;2)-cyiindricality M-differentiable 
on the domain G' first integral 

F: {z,w) F{'z,Su) for all {z,w) G G' . (1.21) 

Then, in accordance with the criteria of a first integral, 

XiskF{'z,^w) = Q for all (z,ti;) G G', / = !,..., 2m. 

Therefore the Wronskians of the functions (1.11) vanish identically on the domain G, i.e., 
the system of identities (1.13) for ^i-^ = 0, 1 = 1,..., 2m is consistent in G. 
We obtain the following statements. 

Theorem 1.6. For the differential system (1.1) to have a first integral of the form (1.21) 
it is necessary that (1.13) with = 0, 1 = 1,... ,2m be consistent in G. 

Corollary 1.5. For the total differential system (1.1) to have a {si,0)-nonautonomous 
(n — ki, n) -cylindricality holomorphic first integral of the form (1.21) it is necessary that the 
system of identities (1.13) with \l'i^ = 0, 1 = 1,..., 2m, and S2 = 0, k2 = be consistent. 

Corollary 1.6. For the total differential system (1.1) to have a {0, S2)-nonautonomous 
{n, n—k2) -cylindricality antiholomorphic first integral of the form (1.21) it is necessary that the 
system of identities (1.13) with '^i^ = 0, 1 = 1,... ,2m, and si = 0, ki = be consistent. 

Corollary 1.7. For the system (1.1) to have an autonomous {n — ki,n—k2)- cylindricality 
M.-differentiable first integral F: w ^ F{^vu) for all w G Jl', Jl' C C", it is necessary that the 
system of identities (1.13) with = 0,1 = 1,..., 2m, and si = 0, S2 = be consistent. 

The proof of the following assertions is similar to those of Theorems 1.4 and 1.5. 

Theorem 1.7. For the system of total differential equations (1.1) to have at least one first 
integral of the form (1.21) it is necessary and sufficient that there exist functions ^hp, \p 
satisfying to system (1.14) for Hi = 0, I = 1, ... ,2m, that the function (1.21) is a general 
integral of the Pfaffian differential equation (1.15). 

10 
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Theorem 1.8. Let functional system (1-14) with Hi = 0, I = l,...,2m has q not 
linearly bound solutions (1-17) such that the corresponding Pfaffian differential equations (1-18) 
have the general integrals 

: [z, w) Fei^z, for all {z, w)eG', e = l,...,q. 

Then these integrals are functionally independent. 

The Theorem 1.8 (taking into account the Theorem 1.7) let us to find a quantity of func- 
tionally independent (si, S2)-nonautonomous (n — /ci, n — A;2)-cylindricality M-differentiable 
first integrals of the total differential system (1.1). 

As an example, the system of total differential equations 

2/1 \ 
dwi = - W2 dz — \^-wi -\-2w2 + 2zw2Wijdz , dw2 = — dz + z {w2 + zwi) dz (1-22) 

has the functions (see (1.11)) 

Pi: {z,wi,W2) ^ (l, Wl — 2w2 — 2zwiW2, z{zwi + W2)^ for all {z,wi,W2)&^, 

P2: {z, 101,102) ^ (^—^ ,— 1^ for all (z,wi,W2) £ ^, O C C^. 



The Wronskians of the vector functions Pi and P2 with respect to z, wi, W2 vanish 
identically on a domain Q. C {{z, wi, W2) : z / 0} C C^. 

Therefore a necessary condition for the total differential system (1.22) to have an M-dif- 
ferentiable (l,0)-nonautonomous (2,0)-cylindricality first integral is complied (Theorem 1.6). 
The scalar functions 

ijji: {z,wi,W2) ^wi, (fi: {z,wi,W2) ^ z, (f2-{z,wi,W2)~^2w2 for all {z,wi,W2)E^ 
is a solution to system of equations (see (1.14) with Hi = 0, I = 1,2) 

^1 — ^ ^ uJi -I- 2uj| -I- 2zwiW2^ipi + Z{W2 + 'ZWlHP2 = 0, 
_ _ 2 _ 

— 2wi W2 (fl + ZWi (P2=0, — 2 Z W2 <Pl + Z Z (p2 = 0, - W2(pi — (P2 = 0. 

Z 

The corresponding Pfaffian differential equation 

widz + z dwi + 2w2 dw2 = 
has the general integral (Theorem 1.7) 

F: [z,wi,W2) ^ ZW1+W2 for all {z,wi,W2)&^- (1-23) 
The Poisson bracket 

[2 / 1 \ 

[Xi{z,w),X2{z,w)] = [dz + ^ W2dwi-dyj^-\^-wi+2wl+2zwiW2jd-^+z{zwi+W2)d-^, 

/I \ 2 " 

d- - - Wl + 2wl + 2zw2Wijdyj^ +z{w2 + zwi)dw2 + - W2d-_^ - d-^ = 

= (1 -I- 2ZW2{ZWI +W2 )){2w2dy,-^ -Zdw^) - (1 + 2ZW2{W2 + zwi))[2w2d-^ - zd-J 

is not the null operator on the domain O, i.e., system (1.22) is not completely solvable. 

Thus the R-differentiable (l,0)-nonautonomous (2,0)-cylindricality first integral (1-23) is 
an integral basis on the domain of the total differential system (1.22). 



11 
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1.4.3. M-differentiable last multipliers. Suppose the system of total differential 
equations (1.1) has a (si, S2)-nonautonomous and (n — /ci, n — A;2)-cylindricality R-differen- 
tiable on the domain G' last multiplier 

fi: {z,w) ^ H{^z,'%u) for all G G'. (1.24) 

Then, in accordance with the criteria of a last multiplier, 

XisklJ'{'z,'%u) + iJ,{'z,'%u)dwXi{z,w) =0 for all (z,w) G G', 1 = 1,..., 2m. (1.25) 
Using (1.25), we get 

W^{l,^X\z,w),dWXe{z,w)) =0 for all {z,w) e G, 9 = 1,. ..,si, 
W^{^X'i{z,w),divX^{z,w)) =0 for all (z, w;) G G, r] = si + 1, . . . ,m, 

(1.26) 

W^{l,>^X"'+^^{z,w),diyXm+j,iz,w)) = for all {z,w) G G, g = l,...,S2, 

(Aj^m+> w),dl-vXrn+j, {z, w)) = for all iz,w) £G, = S2 + l,...,m. 

The proof of the following statements is similar to those of Theorems 1.3, 1.4, and 1.5. 

Theorem 1.9. For the system of total differential equations (1.1) to have a last multiplier 
of the form (1.24) it is necessary that (1.26) be consistent on the domain G. 

Corollary 1.8. For the total differential system (1.1) to have a {si,0)-nonautonomous 
{n — ki,n)-cylindricality holomorphic last multiplier of the form (1-24) it is necessary that the 
system of identities (1.26) with S2 = 0, k2 = be consistent. 

Corollary 1.9. For the total differential system (1.1) to have a {0,S2)-nonautonomous 
{n,n — k2)-cylindricality antiholomorphic last multiplier of the form (1-24) it is necessary that 
the system of identities (1.26) with si = 0, ki = be consistent. 

Corollary 1.10. For the system (1.1) to have an autonomous {n — ki,n — k2)-cylindricality 
M.-differentiable last multiplier ji: w ^ fii^) for all w E Cl', C C", it is necessary that 
the system of identities (1.26) with si = 0, S2 = be consistent. 

Theorem 1.10. For the system of total differential equations (1.1) to have at least one last 
multiplier of the form (1-24) it is necessary and sufficient that there exist functions ^hj), \> 
satisfying system (1-14) with 

Hi: (z,w) ^ —div Xi{z,w) for all {z,w)&G, 1 = 1,..., 2m, (1-27) 

such that the Pfnffian differential equation (1.15) has the integrating factor u{^z,Sjj) = 1 for 
all {z,w) G G'; in this case the last multiplier is given by 

fx : {z, w) exp J ^hp{^z, ''w) d^z + ^"hpi^z, ''w)d'^ + ''^ip{^z, Su) dSu + ^^ip{^z, V) d 

for all {z,w) G G'. 

Theorem 1.11. Let system (1.14) with (1.27) has q not linearly bound solutions (1.17) 
for which the corresponding Pfaff equations (1-18) have the integrating factors Vs{^z,^w) = 1 
for all {z, w) G G', £ = 1, . . . ,q. Then the last multiplies of the total differential system (1.1) 

lie- {z, w) exp j 'hl;'{'z, ^w) d'^z + "Y^(^z, ^ d^i + ''^i^z, ''w) d'Su + ''Yi'z, ''w) d^ 

for all {z, w) G G' , e = 1, . . . ,q 

are functionally independent. 
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The system of total difTerential equations 

dwi = wi{l + 2W2) dz + wi{l + 2w2) dz, 

(1.28) 

dW2 = W2{wi — l)dz — W2{W2 + Wi)dz 

has the functions {div Xi{z,w) = 1 + 2IZJ2, div X2{z,w) = 1 + 2w2 for all {z,w) £ C^) 
Pi: {z,wi,W2) ^ (wi{l + 2w2), I + 2W2) for all {z,wi,W2) & 

and 

P2: {z,wi,W2) ^ {wi{l + 2W2), I + 2W2) for all {z,wi,W2) £ ■ 

The Wronskians of the vector functions Pi and P2 with respect to z, z, W2, wi, and 
W2 vanish identically on the C^. 

Therefore a necessary condition for the total differential system (1.28) to have an M-dif- 
ferentiable autonomous (l,2)-cylindricality last multiplier is complied (Theorem 1.9). 

The scalar function 

(p: {z,wi,W2) for all {z,wi,W2) G C x Q, 

where O is a domain from the set {{wi,W2)'- wi 7^ 0}, is a solution to system of equations 
(see (1.14) with Hi{z,wi,W2) = — div Xi{z,wi,W2) for all {z,wi,W2) C^, 1 = 1,2) 

wi{l + 2w2)y:>= - (1 + 2^2), 2wi(p= - 2, wi{l + 2^2) V= - (1 + 2k;2). 
Thus the total differential system (1.28) has the last multiplier (Theorem 1.10) 

/x: {z,wi,W2) — for all {zi,wi,W2) G C x Q. 

Wl 



1.5. M-regular solutions of an algebraic equation have no movable nonalgebraic 
M-singular point 

R-holomorphic solutions of a completely solvable total differential equation may have 
M-singular points. In addition, we can distinguish two classes of M-singular points of solutions: 
an M-singular point of solutions of a completely solvable total differential equation whose 
position depends on the initial data determining a particular solution is referred to as a 
movable M-singular point; if the position is independent of the initial data, then the point is 
called a fixed M-singular point. 

Let us consider the algebraic total differential equation 

m 

Q{z, w) dw = ^^(Pj(2:, w) dzj + Pm+j{z, w) dzj) , (1-29) 

where the functions Q: G ^ C and Pi: G ^ C, I = l,...,2m, G = D x C, are M-poly- 
nomials in w (polynomials in w and w) whose coefficients are M-holomorphic in z in a 
domain © C C" and do not have common factors. 

Definition 1.4. Equation (1.29) completely solvable in the domain G is said to be non- 
degenerate if the rank of the matrix 



P{z,w) 



Pl{z,w) ... Pm{z,w) Pm+l{z,w) ... P2m{z,w) 
Pm+l{z,w) ... P2m{z,w) Pl{z,w) ... Pm{z,w) 

is equal to 2 almost everywhere in G and is said to be degenerate otherwise. 
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By Definition 1.3, all M-liolomorpliic solutions of a degenerate completely solvable equa- 
tion (1.29) are M-singular, and all M-singular solutions w = w{z) of a nondegenerate com- 
pletely solvable equation (1.29) satisfy the condition P{z,w) < 2. 

Theorem 1.12. M-holomorphic solutions of a nondegenerate completely solvable total 
differential equation (1.29) have no movable nonalgebraic M.- singular points. 

Proof. Suppose the contrary: let G D be a nonalgebraic movable M-singular point for 
some solution w = w{z) of the total differential equation (1.29), and let 7 C D be the path 
along which the point z tends to zq so that the solution w = w{z) is R-holomorphic on 7 
everywhere except for the point zq. We have two possible cases: 

1) Zq is a transcendental M-singular point; 

2) Zq is a A-essentially M-singular point. 

In the first case, the solution w = w{z) tends to some value wq E C along the path 7 

as z ^ zq. 

If wq & C , then we have two possibilities: a) the point wq is not a root of the equation 

Qizo,w) = 0- (1.30) 

b) the point wq is a root of the equation (1.30). 

By Theorem 1.1, in case a) the completely solvable total differential equation (1.29) has 
a solution w = w{z) M-holomorphic in a neighborhood of the point zq and satisfying the 
initial condition ^^(^o) = '^o- Therefore, by Theorem 1.2, the sohition w = w{z) coincides 
with the solution w = w{z); consequently, w = w{z) is M-holomorphic at the point zq. 

Let us consider case b). Since zq is not a movable M-singular point of the nondegenerate 
equation (1.29), we have TankP{zo,wo) = 2. 

We have the following three cases: 

bi) there exist indices fcG{l,...,m} and TG{l,...,m}, k < t, such that 

Plk{zo,Wo) Pi^rn+r{zo,Wo) - Pir{zo,Wo) Pi^jn+k{zo,Wo) 7^0; (1.31) 

b2) there exist indices k G {1, m} and r G {m + 1, 2m} such that 

Plk{zO,Wo) Pi^r-m{zo,Wo) - Plr{zo, Wq) P i^^+k{zo, Wq) / 0; 

ba) there exist indices k E {m + 1, ...,2m} and r G {m -|- 1, 2m}, k < t, such that 

Plk{zo, wo) Pl,T-miZQ, wo) - Pit{zo, Wq) Pl,k-m{zo, Wq) ^ 0. 

In case bi), we rewrite the total differential equation (1.29) in the form 

Pk{z, w) dZk + Pt{z, w) dZr = Q{z, w) dw - Pm+kiz, w) dZk - Pm+riz, w) dZr - 

(1.32) 

m 

^ {Pj{z, w) dZj + Pm+j{z, w) dZj) . 
By taking the conjugate of (1.32), we obtain the total differential equation 

Pm+k{z,w)dZk + Pm+riz, w)dZr = Q{z,w) dw - Pk{z,w) dZk - Pt{z,w) dZr - 

(1.33) 

m 

- ^ [Pm+j {z, w) dZj + Pj {z, w) dZj) . 
j=l,j^k,j^T 

Treating Q and Pi as the functions 

Q{z,w) = q{z,'z,w,w) and Pi{z,w) = pi{z,'z,w,w), 1 = 1, ...,2m, 

holomorphic in {z,z,w,w), to differential system (1.32) U (1.33) we assign the completely 
solvable system of total differential equations 
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Pk{t, X, y) dtk + Pr{t, X, y) dt^- = q{t, x, y) dx - Pm+k{t, x, y) dt^+k - Pm+At, x, y) dt^+T - 

m 

J2 {Pji^'X^y)dtj +Pm+j{t,x,y)dt,n+j), 

(1.34) 

Pm+kit, X, y) dtk + Pm+At, X, y) dtr = q{t, x, y) dy - Pk{t, x, y) dtm+k - x, y) dtm+r - 

m 

m X, y) dtj + pj {t, X, y) dt^+j) ■ 

j=l,j^k,j^T 

Taking into account the complex analog of the results from [24, pp. 75 - 80] and condition 
(1.31), we find that there exists a unique holomorphic solution 

tk = ik{h, ■ ■ ■ , ifc-i) ifc+i) • • • ) U-iAt+i, • • • , hm, X, y), 

tr = tr{tl, . . . , tfc+l, . . . , tr-l-jtr+l, . . . , t2m, X, y) , 

of system (1.34) passing through the point {tQ,XQ,yQ). Since system (1.32) U (1.33) is self- 
adjoint, it follows that the equation (1.32) has M-holomorphic integral manifolds 

Zk — Zkiz, w) = and Zj- — Zt-{z, w) = 

passing through the point {zq,wo). These manifolds are not determined by the equations 
Zk = z^ and Zt = z^, respectively, since the function Q is not identically zero at the point 
zq. Consequently, zq is an algebraic M-singular point of the solution w = w{z). 

Likewise, for cases b2) and bs) we can prove that zq cannot be a nonalgebraic R -sin- 
gular point of the solution w = w{z). 

Let Wo = oo. Performing the transformation ^ = w^^, from the equation (1.29) we 
obtain a nondegenerate completely solvable equation; all functions occurring in this equation 
are M-polynomials in ^ (polynomials in ^ and ^) whose coefHcients are M-holomorphic in 
z in the domain D C C™" and have no common factors. Just as in the case wq £ C , we find 
that for the solution ^ = ^{z) of this equation the point zq is either an M-holomorphic point 
or a critical algebraic M-singular point. Therefore, the solution w = w{z) of the equation in 
question has either an M-pole or a critical M-pole at the point zq. 

Thus, Zq is not a transcendental M-singular point of the solution w = w{z) of the 
completely solvable total differential equation (1.29). 

Let us now consider the case in which zq is a A-essential M-singular point. If there 
exists at least one path 7 C D that infinitely approaches the point zq and along which the 
solution w = w{z) tends to some limit, then, just as above, we can prove that this is either 
an ordinary point or an algebraic point. Therefore, we assume that along any path 7 C D 
the solution w = w{z) does not tend to any limit as 2; — ^ zq. On one of such paths we choose 
a sequence of points {z^^^}^^^ converging to the point zq as p +00. The corresponding 

sequence of values of w{z) has the form Since any sequence of complex numbers 

contains a subsequence converging to some number wq G C, it follows that without loss of 
generality we can assume that the sequence itself converges to wq. 

Let Wq G C. We consider two possibilities: a) the point 'u;o is not a root of the equation 
(1.30); b) the point wq is a root of the equation (1.30). 

By virtue of Theorem 1.1, in case a) the total differential equation (1.29) has the solution 

w = w^P\z) for w^'^ {z^'^) = (1.35) 

where w^\z) is a function M-holomorphic in a neighborhood of the point zq provided that p 
is a sufficiently large number. Therefore, by virtue of Theorem 1.1 and Corollary 1.1, the so- 
lution w = w{z) coincides with the solution (1.35) and hence is M-holomorphic at the zq. 
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Case b). The point zq is not a fixed M-singular point of solutions of the nondegenerate 
equation (1.29); therefore, rankP(zo, u^o) = 2. Just as in the first case, we consider three 
possibilities, bi), b2), and h^). 

In case bi), we construct the differential system (1.32)U (1.33) and, using (1.31), conclude 
that the total differential equation (1.29) has R-holomorphic integral manifolds 

Zk — z^^ {z, w) = and z^ — zf^ [z^ w) = 

passing through the point ti;'-^^) and such that the functions z^^^{^z^w) and z^r^^z^vS) 

are M-holomorphic in a neighborhood of the point {zq^W{^) for sufficiently large p. We have 

lim z^f^ = Zu and lim z^^ = z^. 

Let 7o be the path in the complex plane w corresponding to the solution w = w{z) as 
the point z goes along the path 7. The path 7 can be chosen so that relations of the form 
(1.31) are valid on 7 and 70 including the point {zq^wq). Then the functions z^\z,w) 
and z^^ {z, w) are R-holomorphic along the path 70 x 7 for sufficiently large p. 

Therefore, z^\zo,wo) = z^ and z^\zo,wo) = z^ for sufficiently large p. 

Since the functions z[^'(z,?y;) and zi^\z,w) are M-holomorphic in a neighborhood of the 
point {zq,wo) and the total differential equation (1.29) has a unique R-holomorphic solution 
with the initial data {zo,wo), we find that the identities 

z^\z,w) = Zk{z,w) and zi^\z,w) = Zr{z,w) 

are valid for all sufficiently large p. Consequently, the solution w = w{z) is M-holomorphic 
along the path 7 except for the point z and satisfies the equations 

z — z^\z,w)=0 and z — z^\z,w)=0. 

Therefore, zq is an algebraic point for this solution. 

In a similar way, we can show that in cases b2) and h^) the point zq cannot be a 
nonalgebraic R-singular point of the solution w = w{z). 

Now let wq = 00. Then, by setting ^ = in the total differential equation (1.29), we 
find that the solution ^ = ^{z) of the obtained equation has an algebraic R-singularity at the 
point Zq. Therefore, zq is an algebraic point for the solution w = w{z) of the completely 
solvable total differential equation (1.29). The proof of the theorem is complete. ■ 



2. System of first-order partial diff'erential equations 
2.1. R-differentiable integrals and last multipliers 

Consider a linear homogeneous system of first-order partial differential equations 

^j{z)u = 0, j = l,...,m, (2.1) 

with not linearly bound [25, p. 105] differential operators 

n 

%(^) = + '^j,n+d^)\) for all 2; G G, j = l,...,m, 

where the scalar functions Ujp : G — ^ C, j = 1, . . . ,m, p = 1, . . . , 2n, are R-differentiable in 
a domain G C C", the "Zj are the complex conjugates of zj, j = 1, . . . ,m. 

We begin with definitions. An R-differentiable on a domain G' CG function: i) F: G'^C; 
ii) /: G'^ C; iii) fi: G'^ C is called i) a first integral; ii) a partial integral; iii) a last mul- 
tiplier of the partial differential system (2.1) iff i) 2tjF(z) = for all z G G', j = 1, . . . ,m; 
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ii) ^jf{z) = z) for all z G G', where $^(0; z)=0, j = 1, . . . , rn: 

iii) ^jiJ,{z) = — divu-' (z) for all 2 G G', where the vector functions 

: z ^ {uji{z), . . . , Uj^2n{z)) for all z G G, j = 1, . . . ,m. 

The M-differentiable first integral F (partial integral / and last multiplier /v,) of the 
partial differential system (2.1) is called (n — ki,n — -cylindricality [20; 26; 27] if 

(i) F (/ and /x) is holomorphic of n — k2 variables; 

(ii) F (/ and fi) is antiholomorphic of n — ki variables. 

2.1.1. (n — ki,n — ^2) -cylindricality partial integrals. Suppose the system (2.1) 
has an M-differentiable {n — ki,n — ^2) -cylindricality partial integral 

/: z^ f{h) for all z G G', (2.2) 

where k = (n — ki,n — ^2). Without loss of generality it can be assumed that the function / 
is an antiholomorphic function of -Zfc^+i, . . . ,Zn and the function / is a holomorphic function 
of z^ ,---,z , e {1, • • • , ri}, 5 = k2 + l,...,n. 

Then, in accordance with the definition of a partial integral for the system (2.1), 

2lfe/(fc^) = $^.(/; z) for all zeG', j = l,...,m, (2.3) 
where the linear differential operators of first order 

fei k2 

the indexes (^-^ € {1, . . . , n}, t = 1, . . . ,k2, the functions 

$j(0; z) =0 for all z G G, j = 1, . . . ,m. 

Let the system of identities (2.3) hold. Then the functions from the sets 

{uji{z),.. . ,Ujk^{z),Uj(;,{z), . . . ,Uj(;^^{z)}, j = l,...,m, (2.4) 

are linearly bound on the integral manifold 

fi'z) = 0. (2.5) 

Therefore the Wronskians of the functions from the sets (2.4) with respect to z^, zq, 
7 = fci -|- 1, . . . , n, S = k2 + 1, ■ ■ ■ ,n vanish identically on the manifold (2.5), i.e., 

i^u^i^)) = ^nif', z) for all ^ G G, j = 1, . . . , m, 7 = /ci + 1, . . . , n, 

(2.6) 

W-^^ {^u^iz)) = *4jCsif; z) for all 2; G G, j = 1, . . . ,m, S = k2 + 1, ■ ■ ■ ,n, 

where W^^ and W- are the Wronskians with respect to z^ and to Z(^g respectively, the 

functions '^jj : G — > C, ^j^^ : G — >■ C are R-differentiable on the domain G and ^'j-y(0; z) = 0, 
** 

'^j^iO; z) = 0, J = ki + 1, . . . ,n, S = k2 + i, ■ ■ ■ ,n, j = 1, . . . ,m, the number A = ki+k2, the 
functions : z — > (uji (z),. . . , ujk^ (z) , Uj ^^{z),. . . , Uj {z)) for all z E G, j = 1, . . . ,m. 
Thus the following statements are valid. 

Theorem 2.1. For the system of partial differential equations (2.1) to have an W-diffe- 
rentiable (n — ki,n ~ k2) -cylindricality partial integral of the form (2.2) it is necessary that 
the system of identities (2.6) be consistent. 
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Corollary 2.1. For the linear homogeneous system of partial differential equations (2.1) to 
have an {n—ki,n)-cylindricality holomorphic partial integral of the form (2.2) it is necessary 
that the system of identities (2.6) with k2 = be consistent. 

Corollary 2.2. For the linear homogeneous system of partial differential equations (2.1) 
to have an {n,n — k2)-cylindricality antiholom,orphic partial integral of the form (2.2) it is 
necessary that the system of identities (2.6) with ki = be consistent. 

Let the system (2.1) satisfy conditions (2.6). Let us write out the system of equations 

\p{^u^{z)f = Hj{f;z), j = l,...,m, 
\^{diy{z)f = dlHj{f-z), Z = 1,...,A-1, 7 = A;i + l,...,n, j = l,...,m, (2.7) 

V(z))^ = 5^ Hj{f;z), Z = 1,...,A-1, ,5 = ^2 + 1,. ..,n, i = l,...,m, 

where the vector functions 

2; ^ ((^ife^e^z), . . . , (pkikiC'z)), ^^ip:z^{ipik2{^z), ^Pk2k2{^z)), 

\p:z^ (fei^(^), ^^ip{z)) for all z G G, 

the scalar functions Hj : G ^ C are R-differentiable on the domain G and Hj{0; z) = for 
all z E G, j = 1, . . . ,m. 

Let us introduce the Pfafiian differential equation 

^^ip{^z)d^^z + ^■'ip{h)d'^ = 0, (2.8) 

where the vector columns d^^z = co\on{dzi, . . . ,dzk^), d'^'^z = colon (^dz^^, ... ,dz^^ ). 

Theorem 2.2. A necessary and sufficient condition for the partial differential system (2.1) 
to have at least one ^-differentiable partial integral of the form (2.2) is that the functions 
"V- G — C'^ and Hj : G — > C, j = 1, . . . , rn, exist so that they satisfy system (2.7) and 

(i) the Pfaff equation (2.8) has an integrating factor; 

(ii) the function (2.2) is a general integral of the Pfaffian equation (2.8). 

Proof. Necessity. Let the partial differential system (2.1) have a M-differentiable partial 
integral of the form (2.2). Then the identity (2.3) holds. The vector functions 

''^ip: z^ d. f{h) for all z G G', ^^^p: z d—f{h) for all z G G', 

where d^^ = {dz^,. ■ .,dzi^^, ^j^= (^^^ '■■■'^z^ )' ^ solution to system (2.7), which can be 

shown by differentiating (2.3) A — 1 times with respect to z^, 7 = A-i + 1. . . . . n, and A — 1 
times with respect to , 6 = k2 + 1, ■ ■ ■ ,n. Therefore the scalar function (2.2) is a general 
integral of the Pfaffian differential equation (2.8). 

SufEciency. Let V be a solution to system (2.7), and let the corresponding Pfaff equation 
(2.8) have an integrating factor 11: ^z ^ l^i^z) and the corresponding general integral (2.2). 

Then 

9, fi^z) - = 0, d—f{h) - = 0. (2.9) 

It follows from (2.7) and (2.9) that identity (2.3) is valid with 

$j(/; z) = Hj{f; z) for all z G G', j = 1, . . . , m. 
Consequently the function (2.2) is a partial integral of the system (2.1). ■ 
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Consider the linear homogeneous system of partial differential equations 

211(^1,^2)^ = 0, %izi,z^)u = 0, (2.10) 
where the linear differential operators of first order 

211(^1,^2) = z^{z2 + zi) d^^ + z^iz^ + zi) d^^ + {zl + zl + zl + zl) d-^ + {zj - z^ + zj-z'^^) > 
212(^1, ^2) = ^1(^1 + Z2) d,^ + ^2(^1 + Z-2) d,^ + {zl -zi + zl- zl) d-^ + {zl + zl + zl + zl) 8-^ 

for all (zi,Z2) £ C^- 

Let us find a (0,2)-cylindricality holomorphic partial integral of system (2.10). The Wron- 
skians of the sets of functions U\ = {z-i{z2+'z\) , Z2{z2+'zi)} and U2 = {^1(^1+^2), 22('^i +■^2)} 
with respect to and ^2 vanish identically on the space : 

W^ji (^1(^2 +^1), ^2(2^2 +^1)) = 

(^if^^s + ^1), 2^2(^2 + ^1)) = for all (^^1,^2) € C^, 

W-^ {z^{zi + Z2), ^2(^1 + Z2)) 

W-^ {z^{zi + ^2), 2:2(^1 + Z2)) 

Therefore the necessary conditions for the partial differential system (2.10) to have an 
holomorphic partial integral is complied (Corollary 2.1). 
Let us write the functional system (2.7): 

2^1(^2 +^l)</'l +2^2(^2 +^l)<i^2 = (^1 +Z2){Z2 Zi(pi+Z2iP2 = Z1+Z2, 

Z^{zi + Z2) (Pi + ^2(^1 + ^2) ^2 = (^1 + Z2){Z1 + Z2), Z^ Lp^ + Z2P2= Zl+ Z2, 

where H^: {Z]^,Z2) —>■ (2:1+^2) (■22+^1), -^2- (-^1,-^2) ~^ {zi+Z2){zi+Z2) for all {z-^,Z2) G C^. 

The functions ip^: {z^^, Z2) ^ for all {zi, ^2) G C^, (p2' {zi, Z2) 1 for all (z;^, ^2) G 
is a solution to this system. The corresponding Pfaffian differential equation 

dz^ + dz2 = 

has the integrating factor jj,: (2:1,2:2) ~^ 1 all (2^^,22) G and the general integral 

/: (2^^,22) ^ + 22 for all (2^,22) e C^. (2.11) 
By Theorem 2.2, the function (2.11) is a holomorphic partial integral of system (2.10). 
Theorem 2.3. Let h systems (2.7) have q not linearly bound solutions 

^if^: z ^^ip^{h) forallzeG', e = l,...,q, (2.12) 
for which the corresponding Pfaffian differential equations 

'=V^('=2)d^i2 + '=V^(''2)d^ = 0, e = l,...,q (2.13) 

have the general M.-differentiable integrals fs - z ^ fe{^z) for all z G G', e = 1, . . . ,q. Then 
these integrals are functionally independent. 
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Proof. Using (2.9), we have 
d. fe {h) = C'z) ip^ i^z) , d— f, C'z) = He *2 v'C'z) for all ^ G G' , e = l,...,q. 

Therefore the Jacobi matrix J{fe{^z);h) = \\''^^{h)'^''^{^z)\\, where '^^^ = ||;Ue99|^,J| is 

a {q X fci)-matrix, ^'^^ = \\fisf%,^\\ is a {q x A;2)-matrix. Since the solutions (2.12) are 

not linearly bound, it follows that rank J( f^('^z);'^z) = q. Thus the general integrals of the 
Pfaffian differential equations (2.13) are functionally independent. ■ 

2.1.2. (n — fci,n — fe2)-cylindricality first integrals. Let the function 

F:z^F{''z) forallzGG' (2.14) 

be an M-differentiable (n — ki,n — A;2)-cylindricality first integral of system (2.1). 
Then, in accordance with the criteria of an M-differentiable first integral, 

21^ F{''z) =0 for all 2 G G', j = l,...,m. 

Hence the Wronskians of the functions from the sets (2.4) vanish identically on the domain 
G, i.e., the system of identities (2.6) with 

^'^7(2) = ^ic«(^) =0' 1 = h + 1, ■ ■ ■ ,1^, 6 = k2 + I, . . . ,n, j = 1, . . . ,m, (2.15) 

is consistent in G. Indeed, we obtain the following assertions. 

Theorem 2.4. For the partial differential system (2.1) to have an{n — ki,n — k2)-cylind- 
ricality first integral of the form (2.14) it is necessary that (2.6) with (2.15) be consistent. 

Corollary 2.3. For the linear homogeneous system of partial differential equations (2.1) 
to have a holomorphic {n — ki,n) -cylindricality first integral of the form (2.14) it is necessary 
that the system of identities (2.6) with (2.15) and k2 = be consistent. 

Corollary 2.4. For the linear homogeneous system of partial differential equations (2.1) 
to have an antiholomorphic {n,n — k^) -cylindricality first integral of the form (2.14) it is 
necessary that the system of identities (2.6) with (2.15) and ki = be consistent. 

The proof of the following statements is similar to those of Theorems 2.2 and 2.3. 

Theorem 2.5. For the system (2.1) to have at least one first integral of the form (2.14) it 
is necessary and sufp,cient that there exist functions \p satisfying to system (2.7) with Hj = 0, 
j = 1, . . . ,m,, that the function (2.14) is a general integral of the Pfafp,an equation (2.8). 

Theorem 2.6. Let the system (2.7) with Hj = 0, j = 1, . . . ,m has q not linearly bound 
solutions (2.12) such that the corresponding Pfaff equations (2.13) have the general integrals 
F^: z ^ Fgi^z) for all zEG', £=1, ■ ■ ■ ,q- Then these integrals are functionally independent. 

As an example, consider the linear homogeneous system of partial differential equations 

2ti(zi,Z2)u = 0, 212(^1,^2)^ = 0, (2.16) 

where the linear differential operators of first order 

211(^1,^2) = ^1^2 d,^ + (z| + zl) d,^ + {zi -zl + zl + zl) d-^ - zl d-^ for all {z^,z^) G C^, 

2i2(^i>^2) = ^2 + (^1 + ^2+^1 +^1)^22 + (^2+^1) \ -z{Z2d-^ for all {z^^z^) G C^. 

Let us find a (l,l)-cylindricality first integral of system (2.16) . The Wronskians of the 
sets of functions Ui = {ziZ2, — zf} and U2 = — z{Z2} with respect to Z2 and z^ 

vanish identically on the space C^. Therefore the necessary conditions for system (2.16) to 
have an M-differentiable (l,l)-cylindricality first integral is complied (Theorem 2.4). 
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Let US write the functional system (2.7) with Hi — 0, H2 — 0: 

Z{Z2 -z\^p2 = 0, 'z\ - Z{Z2 ^2 = 0> 
(^1^2) + ( - ^1 ) V2 = 0> (^2) '/'i + ( - ^1^2) (^2 = 0> 

(^1^2) V'l 4) ^2 = 0, {zD -^^i- z{Z2) ^2 = 0- 

This system is reduced to the equation Z2 — Zi(p2 = 0. The scalar functions 
^1 ■ ^2) ^1 for all (^1,^2) € C^, : (2i> 2:2) Z2 for all (^^i, ^;2) ^ 
is a solution to this equation. The corresponding PfafHan differential equation 

Zi dzi + Z2 d'Z2 = 
has the general integral (Theorem 2.5) 

F: (^1,^2) zl + zl for all (^1,^2) ^ C^. (2.17) 
Since the Poisson bracket 

[2ti(2;i, ^2), 212(^1, ^2)] = - ^2(^1 + ^2) + ( - 2^;i^;2 + 221^1 + Z1Z2 + 2zl-2zlz2 - 

- 1z2z\ - 4zjzi + 2zizl + 2zl)dz^ + {z^ + 2ziZ2 - z^-zl + 2zizl + 4z^ + 

+ Az2zj + 2z2zl-2zizi)d-^+Zi{zj + zl)d.^ for all {zi,Z2)eC\ 

is not a linear combination on the space of the operators 21]^ and 2I2, we see that the 
linear homogeneous partial differential system (2.16) is not complete. 

Thus the R-differentiable (l,l)-cylindricality first integral (2.17) is an integral basis on 
the space of the incomplete system of partial differential equations (2.16). 

2.1.3. (n — fci, n — fc2)-cylindricality last multipliers. Suppose the system (2.1) has 
an [n — ki,n — A;2)-cylindricality R-differentiable on the domain G' last multiplier 

fi: z^ H{h) for all z € G' . (2.18) 

Then, in accordance with the criteria of an M-differentiable last multiplier, 

21^ fi{^z) + fiC'z) dwuj{z) = for all zeG\ j = 1,.. ■ ,ni. (2.19) 

Using the methods of Subsubsection 2.1.1, we get the following statements. 

Theorem 2.7. For the partial differential system (2.1) to have an M.-differentiable last 
multiplier of the form (2.18) it is necessary that the system of identities 

{^u^{z),divu^{z)) =0 for all 2; G G, j = 1, . . . ,m, j = ki + 1, . . . ,n, 

(2.20) 

W- (^uHz),divu^(z)) =0 for all z G G, j = 1, . . . ,m, S = k2 + 1, ■ ■ ■ ,n, 

be consistent on the domain G. 

Corollary 2.5. For the system (2.1) to have a holomorphic (n — ki,n)-cylindricality last 
multiplier of the form (2.18) it is necessary that (2.20) with k2 = be consistent. 

Corollary 2.6. For the system (2.1) to have an antiholomorphic (n. n — k2)-cylindricality 
last multiplier of the form (2.18) it is necessary that (2.20) with ki = be consistent. 

Theorem 2.8. For the system (2.1) to have at least one last multiplier of the form (2.18) 
it is necessary and sufficient that there exist function V satisfying system (2.7) with 

Hj-. z ^ — divu^ {z) for all z G G, j = 1, . . . ,m, (2-21) 
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such that the Pfaffian equation (2.8) has the integrating factor v: ^ 1 for all z G G'; in 
this case the last multiplier is given by 

fi: z ^ cxpg{''z) forallzGG', (2.22) 

where the function g: z J ^^ip{h) df'^z + ^'^(^{h) d^'^z for all z G G'. 

Proof. Necessity. Let the function (2.18) be an (n — ki,n — A;2)-cylindricality M-differen- 
tiable last multiplier of the partial differential system (2.1). Then the vector functions 

\nn{^z) for all z G G', ^^ip: z ^ d— InnC'z) for all zeG' 

are a solution to system (2.7). This implies that the function v.^z^l for all z ^ G' is an 
integrating factor of the Pfaffian differential equation (2.8). 

SufEciency. Let V be a solution to system (2.7) with (2.21) and let u: '^z ^ 1 be an 
integrating factor of the corresponding Pfaffian differential equation (2.8). Then 

dk 9{''z) - ''^(fii'^z) = 0, d— g{h) - ^^ip{h) = 0. 

^2z 

Using (2.7) with (2.21), we have the identity (2.19) is valid. This yields that the scalar 
function (2.22) is a last multiplier of the partial differential system (2.1). ■ 

For example, consider the linear homogeneous system of partial differential equations 

%{z^,z^)u = {), 2l2(zi,Z2)n = 0, (2.23) 
where the linear differential operators 2ti(^i, -^2) = -^2^2 +^1 ^1^2 ^21 + ^^2 

all (Z]^, ^2) G C^, 2(2(2;]^, -22) = ^2 + ^1 ^^^7 + -2^2^2 ^-^ + -^1^2 '^^^ {z-^, Z2) ^ C"^ . 

Let us find a (2,l)-cylindricality antiholomorphic last multiplier of system (2.23). 

The divergences diY v}-{zi, Z2) = f^^j(-?2 ■^2) + dz.-^i'z']) + d-^{z-y~2) + ^^-22(^1^2) = ^1 ^'^d 
diYu^iz^^z^) = dz^{zl) + 5^2(^1) + \ (^2^2) + (^1^2) = ^1 foi' all (^i, z^) G C^. 

The Wronskians of the sets of functions Ui = {z{Z2,Zi} and U2 = {z^z^, z^} with respect 
to Zi, z^, and 'z^ vanish identically on the space C^. 

Therefore the necessary conditions for system (2.23) to have a (2,l)-cylindricality antiholo- 
morphic last multiplier is complied (Corollary 2.6). Let us write the system (2.7) with (2.21): 

Z{Z2iPi= -z^, Z{Z2^i=-Z-^, Z2(Pi= -1. (2.24) 

The function ip-^: [z-^, Z2) — ^ — — for all (2^1,^2) ^ where a domain G'c {(z^, 2:2) : Z2^0}, 

^2 

is a solution to the system (2.24). By Theorem 2.8, the function 

/x: {zi,Z2) — > — for all {zi,Z2) G G' 

is a (2,l)-cylindricality antiholomorphic last multiplier on the domain G' of system (2.23). 

Theorem 2.9. Let the system (2.7) with (2.21) has q not Imearly hound solutions (2.12) 
for which the corresponding Pfaffian differential equations (2.13) have the integrating factors 
Ve^z) = 1 for all z G G\ £ = 1, . . . ,q. Then the last multiplies 

/Xe : 2 ^ exp J ^Yi^z) d^'z + VC''^) for all zeG', e = l,...,q 

of system (2.1) are functionally independent. 

The idea of the proof of Theorem 2.9 is similar to that one in Theorem 2.3. 
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2.2. First integrals of linear homogeneous system with M-linear coefficients 

Let us consider a linear homogeneous system of first-order partial differential equations 

S,j{z)w = 0, j = l,...,m, (2.25) 
where the coefficients of the linear differential operators 

n 

^i(^) = EK-€(-^)^-« forahzGC", j = l,...,m, 
are the M-linear [2, p. 21] functions 

n 

o-jk- z ^'^{ajkrZr + ajk,n+TZT) for all z G C" {a.^^^eC, l,k = l, . . . ,2n, j = 1, . . . ,m). 

T=l 

Assume that the system (2.25) is related by the conditions in terms of the Poisson brackets 
[£j{z),£<;{z)] =0 forallzeC", j = 1, . . . ,m, ( = h ■ ■ ■ ,m, (2.26) 

where O is the null operator, i.e., the system (2.25) is jacobian [17, p. 523; 19, pp. 38 - 40]. 

An integral basis of the jacobian system (2.25) is 2n — m (the proof is similar to that one 
in [28, p. 70]) functionally independent M-differentiable first integrals of system (2.25). 

In this Subsection we study Darboux's problem of finding first integrals in case that partial 
integrals are known [29]. Using method of partial integrals [18; 19, pp. 161 - 311; 30 - 33], 
we obtain the spectral method [9] for building first integrals of the jacobian system (2.25). 

2.2.1. R-linear partial integral. The M-linear function 

n 

p: z-^Y^ {b^z^ + b^^^z^) for all z G C" (pi e C, I = 1, . . . , 2n) 

is a partial integral of the system (2.25) if and only if 

S^j P{z) = p{z)X^ for all z G C", A^' G C, j = 1, . . . , m. 

This system of identities is equivalent to the linear homogeneous system 

{Aj - X^E) 6 = 0, j = 1, . . . , m, (2.27) 

where Aj = llay/,;!!; j = ■ ■ ■ are 2n x 2n-matrices, E is the 2n x 2n identity matrix, 
b = coIon(6i, . . . , b2n) is a vector column. 

The conditions (2.26) for the partial differential system (2.25) are equivalent 

AjA(^ = At^Aj, j = l,...,m, C = l,...,m. 

Then there exists a relation [34, pp. 193 - 194; 35] between eigenvectors and eigenvalues 
of the matrices Aj, j = 1, . . . ,m. 

Lemma 2.1. Let v G C^" he a common eigenvector of the matrices Aj, j = 1, . . . ,m. 
Then the function p: z ^ for all z G C", where 7 = colon(^i, . . . , • • • ,'Zn)-, is an 

-linear partial integral of the system of partial differential equations (2.25). 

Proof. If I' is a common eigenvector of the matrices Aj, j = l,...,m, then 1/ is a 
solution to system (2.27), where A-' is an eigenvalue of the matrix Aj corresponding to the 
eigenvector u. Therefore we obtain the identities 

£ij 1/7 = A^ for all z G C", j = 1, . . . ,m. 

Thus the R-linear function p: z ^ for all zGC" is a partial integral of system (2.25). ■ 
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2.2.2. M-differentiable first integrals 

Tlieorem 2.10. Let , 9 = 1, . . . ,m + 1, be common eigenvectors of the matrices Aj, 
j = 1, . . . ,m. Then the system (2.25) has the W-differentiable first integral 

m+l 

F: Yl{i'^^)^' for all z en, O C D(F), (2.28) 
6=1 

m+l 

where hi, . . . ,hm+i is a nontrivial solution to the system ^g^e = 0, j = l,...,m, 

e=i 

and Xg are the eigenvalues of the matrices Aj, j = 1, . . . ,m, corresponding to the common 
eigenvectors u^, 9 = 1, . . . ,m + 1, respectively. 

Proof. Suppose are common eigenvectors of the matrices Aj corresponding to tiie 
eigenvalues Xg, j = 1, . . . ,m, 9 = 1, . . . ,m + 1, respectively. 

By Lemma 2.1, it follows that the R-linear functions 

pe-.z^v^'f for all z G C", 9=l,...,m + l, 
are partial integrals of the system of partial differential equations (2.25). Hence, 

= 1/^7 for all 2 € C", j = l,...,m, 9 = l,...,m + l. (2.29) 



We form the function 

m+l 

=1 



F: z^Y[ for all z^Vt, 



where is a domain (open arcwise connected set) in C" and he, 9 = 1, . . . ,m + 1, are 

m+l 

complex numbers with ^ \hQ\ / 0. The Lie derivative of F by virtue of (2.25) is equal to 

6=1 

m+l m+l m+l 

^j^(^) = n E n ('''^) ^3 all z G J^, j = l,...,m. 

e=i e=i i=i,i^e 

Using (2.29), we have 

m+l 

£j.F(z) = ^ /ie F{z) for all z G j = l,...,m. 

9=1 

m+l . 

If Xl hg = 0, j = 1, . . . m, then the function (2.28) is an M-difFerentiable first integral 
9=1 

of the linear homogeneous system of partial differential equations (2.25). I 

Corollary 2.7. Let he common eigenvectors of the matrices Aj corresponding to the 
eigenvalues Xq, j = 1, . . . ,m, 9 = 1, . . . ,m + 1, respectively. Then the linear homogeneous 
system of partial differential equations (2.25) has the M.-differentiable first integral 



Fl2...m{m+1) ■ Z^U. (^'7) (^^™+^)' for all Z E nC B{Fi2...m{m+l)), 



=1 

where the determinants 6g, 9 = l,...,m are obtained by replacing the 9-th column of the 
determinant = |Ag| by colon ( A^^^^, A™^^) , respectively. 

For example, the linear homogeneous system of first-order partial differential equations 
- zidz^w + Z2dz^w + Z2d-_^w + zid-^w = 0, 2{zi + Z2)dz^w + Z2d-_^w + Z2d-^w = (2.30) 
has the commuting matrices 
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A, 



-10 
10 
1 
10 



and Ao 





















1 


1 





2 











2 









3k2 

^2 



Therefore the system of partial differential equations (2.30) is jacobian. 
The matrices Ai and A2 have the eigenvalues X\ = 1, A2 = A3 = — 1, 1, and Af = —2, 
2 corresponding to the eigenvectors = (0,-1,1,1), = (1,0,0,0), 



X2 
^^3 



(0,0,1, 



0,A2 
1) 



: (0, 1, 1, 1), respectively. 



The solution to the system hii — hi2 — hi3 = 0, — 2/iii = is hu = 0, hi2 = — 1, ^13 = 1- 
The solution to the linear homogeneous system /i2i — ^22 + ^24 = 0, — 2^21 + 2/i24 = 
is ^21 = 1, ^22 = 2, ^24 = 1- 

The R-differentiable functions (by Theorem 2.10) 



Zl - Z2 
Z\ 



for all (zi, 2:2) G 



and 



F2 : {zx,Z2) ^ zl {zl - (^1 + Z2f) for all (^i, Z2) G 



(2.31) 



(2.32) 



where a domain O C {(-^i, 2^2) '■ Z\ 7^ 0}, are first integrals of the system (2.30). 

The M-differentiable first integrals (2.31) and (2.32) are an integral basis of the jacobian 
linear homogeneous system of first-order partial differential equations (2.30). 

Prom the entire set of partial differential equations (2.25), we extract the equation 

£^(z)it; = 0, Ce{l,---,W, (2.25.C) 

such that the matrix A(^ has the smallest number of elementary divisors [34, p. 147]. 

Definition 2.1. Let v^^ he an eigenvector of the matrix A^^ corresponding to the eigen- 



value Xi with elementary divisor of multiplicity si. A non-zero vector u^^ G C^" is called a 



generalized eigenvector of order 77 for A^ if and only if 

(A^-AfE)i.'?' =r7z/^-i'', r? = l,...,s,-l, (2.33) 
where E is the 2n X 2n identity matrix. 
Using Lemma 2.1 and (2.33), we obtain 

u'^lj = Af for all z G C", 

(2.34) 

S.^v'^i-^ = X\v'nl^ + r]u'i-^'^-i for all 2 G C", r? = 1, . . . , - 1. 
The following lemma is needed for the sequel. 

Lemma 2.2. Let u^^ he a common eigenvector of the matrices Aj corresponding to 



the eigenvalues X-j , j = l,...,m, respectively. Let v 



Tjl 



1, . . . , s/ — 1 he generalized 



eigenvectors of the matrix A(^ corresponding to the eigenvalue X\ with elementary divisor of 
multiplicity si {si ^ 2). If the partial diffrential equation (2.25.^) hasn't the first integrals 



%^^^iiz) for all z en, j = l,...,m, j^C, r? = 1, . . . , - 1, (2.35) 



then 



1 for all z E n, 77 = 1, 

for all z E n, 77 = 2, . . . , s; — 1, 



(2.36) 



iC 



const for all z £ n, j 
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where '^^i : ^ C, r/ = 1, . . . , — 1, is a solution to the system 

V 

^'"7 = i;G:D*5i(^)^''"'''7, V = h---,si-l, J7c{z: (2.37) 
5=1 

Proof. The system (2.37) has the determinant (ly^^'-j)''^'^^. Therefore there exists the 
solution r] = 1, . . . ,si — 1 on a domain C {z: i^°'7 7^ 0} of system (2.37). 
The proof of the lemma is by induction on s/. 
For si = 2 and si = 3, the assertion (2.36) follows from (2.34). 
Assume that (2.36) for si = e is true. Using (2.34) and (2.37), we get 

£c -^'7 = Af ^ ir-l) ^ii^) -^-''S + - 1) E ir-l) *^/(-) w + 

5=1 <5=1 

+ z/^-^'S + ^-^il^) for all z e fl. 

Combining (2.37) for rj = e—l and r) = e, (2.34) for r) = e, and ^'^'7 ^ in C", we obtain 

(z) = for all zen. 

So by the principle of mathematical induction, the statement (2.36) is true for every 
natural number ^ 2 and C G {1; • • • i'^}- 

Taking into account (2.32) and (2.35), we have the statement (2.36) is true for j ^ C- ^ 

Theorem 2.11. Let the assumptions of Lemma 2.2 with I = 1,. . .r (^s;^m + lj 

hold. Then the jacobian system (2.25) has the W-differentiable first integral 

a 

F: z^ Yliiy^^Y'"^ exp^ V^g^l^) M all z e ^l, nc B{F), (2.38) 
«=i 9=1 

a 

where ^ = m — a + 1, ^ ^ = 1, . . . ,a, a ^ r, and hq^, q = 0, . . . ,£^, ^ = 1, . . . , a 

is a nontrivial solution to the linear homogeneous system of equations 

a 

^i^lho^ + ^l^lihq^) =0, i = l,...,m. 

^=1 9=1 

Proof. The Lie derivative of the function (2.38) by virtue of (2.25) is equal to 

a 

F{z) = E (A^ V + J2 l^fi'^ii) ^(^) for all z G Q, j = l,...,m. 
«=i 9=1 

If (A^^o^ + £ f^q\^q^) ~ 0' J = 1) ■ ■ ■ j*^) then the R-differentiable function (2.38) is 
9=1 

a first integral of the jacobian system of partial differential equations (2.25). ■ 

As an example, the jacobian linear homogeneous system of partial differential equations 
Z2 d^^w + {2z2 -zi- Z2) d^^w + (zi - Z2) d-^w + { - zi + 2zi + 2^2) d-^w = 0, 

(2.39) 

(22:1 -zi)d^^w + {-zi + 2z2 + Z2) d^^w + { - zi + 3zi + Z2) d-^ w + {z2 - 3zi + Z2) d-^w = 

has the eigenvalue A{ = 1 with elementary divisor (A^ — 1)** corresponding to the eigenvector 
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z^'^ = (— 1, 1, — 1, 0) and to the generalized eigenvectors = (1, 0, — 1, — 1), i/^ = (1, — 1, 3, 0), 
= [ — 3,0,9,9). The R-differentiable functions (see the functional system (2.37)) 

{zi,Z2) — — P- — ^ for all {zi,Z2) G ft, 

- Zi + Z2- Zi 



,T,1 / X {- Zl+ Z2- Zl){zi- Z2 + 3zl) - {Zl- Zl- Z2)^ , . „ 

*2i '■ (^1' 7 : — for all [zi, Z2) G 

{- Zl + Z2- ZlY 



*3i : ^2) -> 73 2 --\3 ~ + + ^^2)( -Z1+Z2- zxf - 

V Z\-T Z2 Z\j 

— 3( — zi + Z2 — 'z\){z\ — zi — Z2){zi — Z2 + Szi) + 2{zi — zi — Z2)^ ) for all (^i, ^2) € fi, 

where a domain Q C {{zi,Z2) '■ zi — Z2 + zi ^ 0}. 

The first integrals (by Theorem 2.11) of the jacobian system (2.39) 

Fi: {zi,Z2) ^ '^li{zi,Z2) for all (2:1,2:2) GO 

and 

F2: (21,22)^ (-2i + 22-2i)2exp(-2^ii(2i,22)-^';^i(2i,22)) for all (21,22) en 
are a basis of first integrals on the domain of system (2.39). 
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